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James Ruse Agricultural High School

2023 Year 12 TRIAL HSC EXAMINATION

Mathematics Extension 1

General - Reading time — 10 minutes
Instructions o
« Working time — 2 hours
- Write using black or blue pen
- Calculators approved by NESA may be used
- A reference sheet is provided

- For questions in Section Il, show relevant mathematical reasoning
and/or calculations

Total marks:  Section I - 10 marks (pages 2 - 5)
70
- Attempt Questions 1 - 10

« Allow about 15 minutes for this section

Section Il - 60 marks (pages 6 - 11)
- Attempt Questions 11 - 17

- Allow about 1 hour and 45 minutes for this section



Section I: Multiple choice

10 marks
Attempt Question 1 to 10
Allow approximately 15 minutes for this section.

Use the multiple choice answer sheet for Questions 1 - 10.

1. Which of the following first order differential equation is not linear?

dy

(A) e = 272
B) L=y
(©) L=y

2. A plane experiences two forces: 10N of gravity straight down, and 60N of thrust
at an angle of 15° above the horizontal. What is the magnitude of the net force to

the nearest Newton?

(A) 50N
(B) 53N
(C) 58N

(D) 70N
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1
— _dr =
/25—1—16902

) 4
(A) Z—Ltan*1€x+0
1 4z
B) — tan~! —
(B) 2Otan 3 +C

(C) tan™! 4% +C

1 4
(D) = tan ! gx +C

4. A function is defined by f(z) = {2’ v 3. The value of /5 f(z) dx is
r—1, x>3 1
(A) 2
(B) 6
(C) 8
(D) 10

5. Given f(x) =2secz for 0 <z < g, then f~1(z) =

1
A) 2cos™1 =
(A) 2cos "

(B) 2cos™ 'z

2
-1 #
(C) cos "

1
D) cos™! —
(D) cos 5
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6. What is the multiplicity of the root # = 1 of the equation P(z) = 32° —5x*451x—37

7. Let w=2¢+5j and v = 3¢ +myj. If |proj,v| = |proj,u| , then a possible value
of m is

8. Suppose a, b, c form a Pythagorean Triple where a < b < ¢. What is the maximum

value the function f(r) = — can attain?
asinx + bcosx + 2¢
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The slope field below is best represented by the differential equation:

9.
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10. Find an expression of the number of ways all the letters of the word EPSILON

can be arranged such that the three vowels are all next to each other.

(A) 7!

(B) 5!

(C) 4! x 5!

(D) 3! x 5!

End of Section I
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Section II:

60 marks
Attempt Questions 11 to 17
Allow about 1 hour and 45 minutes for this section

Answer each question on a new page. Extra writing pages are available.

For questions in Section II, your responses should include relevant mathematical reasoning
and /or calculations.

Question 11 (9 marks) Start a new page.

(a) The diagram below shows two vectors a and b , where |a| = 3 and |b| = 5. Let ¢
be the vector such that ¢ + b + ¢ = 0.

Not
a \ 120° b To
< Scale

(ii) Expand and evaluate (a +b) - (a + b).

(i) Find a- b.

(iii) Hence or otherwise, find |¢|.

(b) Prove by mathematical induction that, for all integers n > 1,

2 n 2 . 2 T 2 3 2n+3
I1x3 2x4 3x5 nn+2) 2 nm+1)(n+2)

End of Question 11
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Question 12 (9 marks) Start a new page.

(a) Three distinct non-zero vectors are given by 0—121 = g, O? = b and (ﬁ =c If

| P
OA is perpendicular to ﬁ and O? is perpendicular to C'A, show that O?
is perpendicular to 1@ .

(b) (i) Show that tan % =2—/3.

k — tan o

et that si =k — how that t =
(if) Given that sin (2 + &) = k cos (¢ — a), show that tanz = T————

(iii) Hence using (i) and (ii) solve, for 0 < x < 2, the equation

(\/g—l)Sin(x—Fg)zcos(x—g)

End of Question 12

Question 13 (8 marks) Start a new page.

k
1
(a) Find k such that / ——dx =
0

Vo2

bl 3

(b) In a large pool of people, it is known that 10% of them take less than 12 minutes
to complete a particular test.

(i) 15 people are selected at random. What is the probability that fewer
than 2 people will take less than 12 minutes to complete the test, to
3 decimal places.

(ii) A random sample of n people is taken, the probability that fewer than
9 of these n people will take less than 12 minutes to complete the test
is 0.3446, to 4 decimal places. Use normal approximation to solve for
n, to the nearest integer.

End of Question 13
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Question 14 (8 marks) Start a new page.

(a) A four metres long water tank, open at the top, is in the shape of a triangular prism. The
triangular face is a right isosceles triangle with congruent sides of one meter length, as shown
below.

Not
To
Scale

Initially the tank is completely full of water, but it develops a leak and loses water at a
constant rate of 0.08 cubic metres per hour. Let h = the depth of water, in metres, in the
tank after ¢ hours.

(i) Show that the volume, V| of water in the tank in cubic metres, is given by the 2
expression V = 4h?

(ii) Determine the rate of change of the depth, when the depth is 0.6 metres. 2

(b) The diagram below shows the graph of the curve y = f(z), where

_4x+4

f(x)—:E—JFT T > =2

S

Question 14 continues on page 9
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Question 14 (continued)

On the graph paper provided, sketch the graphs of the following curves, showing clearly the
intercepts on the axes and the equations of any asymptotes.

(i) y=If(z)|

End of Question 14

Question 15 (9 marks) Start a new page.

(a) Find /3932 (x3 — 1)4 dz using the substitution u = 23 — 1

3 8
(b) Consider the expansion of % ot 2) . If the constant term is 5103, determine
T

the possible value(s) of a.

(¢) It is known that the probability of obtaining a head when tossing a particular
biased coin is 0.2. A random 100 flips of this biased coin is conducted and the
number of heads are observed.

(i) Justify why the proportions of heads can be approximated using the
normal distribution.

(ii) Determine the mean and standard deviation of the proportion of
heads.

(iii) Hence or otherwise, approximate the probability that the proportion
of heads obtained will be between 0.1 and 0.3 inclusive, to 4 decimal
places.

End of Question 15
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Question 16 (9 marks) Start a new page.

d
a i) Find — (cos™'x 4 cos™!(—z 2
(a) () o (~x))
(ii) Hence prove that cos™ 'z + cos™}(—z) =7 2
(b) A liquid is being heated in an oven maintained at a constant temperature of 180°C.
The rate of increase of the temperature of the liquid at any time ¢ minutes is
proportional to 180 — €, where #°C' is the temperature of the liquid at that time.
(i) Write a differential equation connecting 6 and t. 1
(ii) When the liquid was placed in the oven, its temperature was 25°C 4
and 5 minutes later its temperature has risen to 75°C. Find the
temperature of the liquid after another 5 minutes.
End of Question 16
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Question 17 (8 marks) Start a new page.

(a) The design for a company logo is depicted below. The upper border of the logo

: . . Ir? — 1622 .
is part of the curve which has equation y = 55 while the lower border is
part of the curve y = —1 4 2sin® z. The curves intersect on the z—axis.
A
_9on? —16x°

32

= —1 + 2sin%x

y

(i) Solve for the x— coordinates at which the two curves intersect.

(ii) Determine the area of the company logo correct to 2 decimal places.

(b) The diagram below shows the vertical cross-section passing through the centre of
a goldfish bowl. The glass part of the bowl sits on a solid base, indicated by the
shaded region on the diagram.

Each horizontal cross-section is a circle. The vertical cross section passing through
the centre of the bowl is symmetrical about the y—axis and can be described by
the equation
@ W=5_,
64 16
The dashed horizontal line represents the diameter of the open top of the bowl.
Given that the open top has a diameter of 15cm, and that this is above the diameter
of the fishbowl at its widest point, find the capacity of the glass part of the fishbowl
assuming that the thickness of the glass sides of the bowl may be regarded as
negligible.

End of Paper
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Question 11

a)

b = o pfeos 20

3 X 5% (—cos60°) (1 mark for correct subsitution into the dot product formula)
1
=15X —=
2
15

=—— (1 mark for final answer)

= |£1|2 +2a-b+ |b| (1 mark for correct expansion)

=19 (1 mark for final answer)

1O 1 Q

L0

2
=|a+b|

(a+0)-(a+)
19 (from part ii)
| =419 (1 mark for correct answer)

[ E2)

Alternate solution:

Construct b from the head of a, now the vectors a, b and ¢ forms a triangle.

Using the cosine rule: b
2 2 2

|c| = |a| + |b| -2 |a| |b| cos 60°

1
=9+25-203)6)(5)
=34-15
=19
|c| =19 (1 mark for correct answer)




b)

Test forn = 1:
2
LHSle3
2
~3
3 2(1)+3
RHS=-——""———
2 (1+1)A+2)
3 5
276
9-5
~ 6

wWIN O D

(1 mark for base case)

Assume the statementistrueforn =k, k € Z, k > 1

2 2 2 2 3 2k + 3
“Ix3 2x4 3x5  YkGk+2 2 G+DK+2)
Testforn =k +1

(1 mark for making correct assumption)

RTP: 2 N 2 N 2 s 2 N 2 _ 3 2k+5
1x3 2x4 3x5 k(k+2) (k+Dk+3) 2 (k+2)(k+3)
LHS = + : + : + -t 2 + 2
1x3 2x4 3x5 k(k+2) (k+1)(k+3)
3 2k + 3 _ _ _
=5~ K+t Dk +2) + kKt Dk +3) (By Assumption) (1 mark for using the assumption correctly)
3 (2k +3)(k +3) 2(k + 2)
S T A D+ Dk +3) kT DK+ DKk +3)
3 (2k?+9k+9)— (2k +4)
T2 (k+ Dk +2)(k+3)
3 2k?+ 7k +5
"2 (k+Dk+2)(k+3)
3 Rk+5)(k+1)
"2 (k+ Dk +2)(k+3)
3 2k +5

2 (k+2)(k+3)
Therefore if the statement is true for n = k, then it is true forn = k + 1.

Since the statement is true for n = 1, then it is true for all integers n,n = 1. (1 mark for finishing the proof)
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MATHEMATICS Extension 1 : Question..lek..
Suggested Solutions Marks Marker’s Comments
o) bh=a oOb=b &t-=¢
oa L BC b A Ch
a-(g-k)=o0 b.(a-%)=0
a-¢-2-2 =6  bk-a -b20
Soeb=2"c i bd=bc
© o-2=k-¢
equeting ® oand & @
@-¢c=Db-c
bre -2-£=0
c-(Cg-ga)=0 ’
as b- aig I?(S [
5’C. is per pev\diu\ox
‘to (-\1 )

con a\8O Wuse

fan (£ - %)




Suggested Solutions Marks Marker’s Comments

-4 4+ 2J3 I | viust ghowd
— — 5 uoow\dn%.

= 2-33

OR tan E = 2Vn T

| = Yan 1z

2 - ma%

\—tan S
I~ tan’E = 233 Yz
.}.oﬂz%_ £ A2 fan{ -1l =0
o dan g = - 233 ’LRZF&)‘*‘-\-

2
= -23* )
2
= -2z v
2
= .—Big
6s tan T is \n Borst
G(/uo.d.mn"\‘
'\GV\%ZO ‘:5
St yush
S tanis = 2-13 I

uo\nj on\ui
cosvhve .




MATHEMATICS Extension 1 : Question. 12,

Suggested Solutions Marks Marker’s Comments

i) sin (et ) = R eos(x—~x)
SINXCESX + COSASINK
- RcoSx eosx + RSIMSIN | |

ciwvwae L’j COS A LOSK
o 4 dand = R+ Rfanctans
anx — Rianrtons = R - Yond

tanw (1 — ktavd) = R~ Yand \
Yan « = R-iwod
| — leffan X

i) (I3 -0 sin (e XY = eos (n-—%>
. \
sin (x+ ) = = cos (x- %)
using pav+ (i1)
\

fanx = T o ~ Ton

&

3

) s o
= o, a3

C.‘

| -

= I3

I3 -1
= |- B3 -
= -13
V- 3433
-\

2 -3




MATHEMATICS Extension 1 : Question..\.l..

Suggested Solutions Marks

Marker’s Comments

Lfom par+ (V)
Yonx = ton ia

. & 1dar
%t a g \




Question 13

™ . .
— 1 mark for correct integration.
0o 2

k
sin 1(5) —sin"1(0) g
k T
-1 My _ T
sin (3) 5
k
—=1
3
k=3 1 mark for final answer.
(b)
(i) p=0.1 X ~ Bin(15, 0.1)
P(X < 2) :P(X:O)+P(X: 1)
1 mark for correct probability
= 1504 (0.1)° (0.9) + B¢, (0.1)! (0.9)14 TP
=0.549043 . ..
— 0549 (3dp) 1 mark for correct answer.
(ii) n = 0.1n, 0=+0.1x09xn 1 mark for correct mean and sdv.
9—-0.1xn
P X<9)=P|Z< ——
( ) ( 1v/0.09 x n )
= 0.3466
9—0.1xn _ o4 1 mark for correct Z-score.
v0.09 x n '

0.01n% — 1.8144n + 81 =10 or 0.1n—0.12y/n—-9=0

1 mark for correct

quadratic equation.
n =102.1269... or 79.313... Vi =10.1, or /n = —8.9 (reject)
1 mark for correct
=102 or 79 (nearest integer) | - 5, = 102 final answer with
o justification.

Whenn =79, u=7.9, 9 is above the
mean, reject.

When n = 102, p = 10.2, 9 is
below the mean.

n = 102 only



(ii) Alternatively

9 0.3
=", E() =01, sdp) =—
p=—. B ,  sd(p) NG

(9-—01)Vﬁi
P(Z n =0.34
(Z < 3 ) = 0.3466
9
<_ - 0.1) Jn
" =—0.4

0.3

0.1n — 0.12y/n — 9 =0

vn =10.1, or /n = —8.9 (reject)

Son=102

1 mark for correct proportion, mean and
standard deviation.

1 mark for correct Z-score.

1 mark for correct equation.

1 mark for correct final answer with justification.
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MATHEMATICS Extension 1 : Question.....7..
Suggested Solutions Marks Marker’s Comments
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MATHEMATICS Extension 1 : Question... 4.

Marker’s Comments

Suggested Solutions R
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Suggested Solutions

Marks

a) J3x” (xs~ V)“‘ olx

2
u=x -1
d 2
S = 3%

- > x C
= SLA
3 S
:(‘K."\) * C
S
3 3
Q
b) (.& +2)
neca) '\'6““ r
3€ _L>% .9‘;(
r a
(R-v

¢ 3(e-r)-r
= %Cr Q G\ 2

for condtant  Yerm -
3R-C)-C =0
Ak — B3~ =O

v = QA%
v =6
-
%C—L,Q (»-6) 5 - 503
'_-'(-Q = 5013
= 129

’,0213

Marker’s Comments

Mmust ncduce
~ C




Suggested Solutions

Marks

Marker’s Comments

&) i) np= oo (o-2) ng = 100 (o.8)
= A0 3. 1O =80 210

- . Can be av?voximo.“\':ec\ us'\r\g
Me viormal distriouhion .

L&) M = oO.2
C = 0.2 x0

\© O
= O©.OW
-0
lu) PCO \—o 2 ¢ 2 < Czo%.oi
-p(-25 ¢27 £ 2.5)

-
-

©.993% — ©.00622
- o.4%%6
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2 T 4 fcof."x + s (= ]
7 U\IL - el
- — | =2 fei] )
= < .
1 mark for correct derivative
f jrearasd ' s Py §E of cos inverse x
N I g > J 1 | S 5 4
1 mark for correct solution
A\
- (85
((/ “iJ_, / (n_s'_'j{ 4 A (—' Lo ) —_
/ ax——\ Ve e o) &)
- —i
% o5 Vg b W (=x) = C
¥ xe¢ (-1,1)
= 1 mark for making the link to the
S‘Ab X= 0 previous part ("Hence")
™ & & oS @ = = & g 1 mark for correct solution,
showing all the steps required
s 7C
- C =
LT x + cosT(-x) =TT ¥ 2 e &,1)
Fow | Cos™ {=I) + s ™ (%(-l)) = 7T+ 0O = I
gnd cos ' (i) + o5 (-0) = gWE = K

S CsTH 4 (esT(-x) = T y x € [-1,17]




1 mark for correct solution

S > 1S
il/ -{\ E— r\ ’ 1a =
/ J kK dt j 43V}

¥ 751_3'3-8

1 mark for separable DE

7
o
L
i

1 mark for correct integration

. 1 mark for finding the value of k
Sk = Qvu (’?9'25‘ s ﬂwl(&o-'fsl
' 1 mark for the correct solution
_ ¥BE
= A os
v —
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Lkt = —Jn |lo-8] + L I5F

(e=5, 6=75)

Sk = = La 05 + [, 5T
i 1 31
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(30 55
\ B | 1506 |
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3
2275 .
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= 3
when A=0 , (L\""g) =1
e
i
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